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Abstract-This paper considers wave propagation in a stratified geophysical medium 
to determine seismic properties of stratigraphic layers by agreement between observed 
data and calculated response. Discrete and continuous problems are discussed. If the 
medium has a stochastic nature. we employ random reflection coefficients and can. in 
some cases. relate to imbedding ideas of Bellman. Vasudevan. and Soong [I I]. An 
interesting new approach is suggested also. based on the work of Adomian. in ne- 
methods for the solution of linear and nonlinear stochastic operator equations repre- 
senting the successive strata or a single propagation medium as stochastic systems since 
density and other properties are random functions of position and successive layers can 
be represented by products of stochastic operators. The solution of the resulting equa- 
tions can be made for strong nonlinearities and strongly fluctuating variables by the 
recently developed methods (see particularly [l5]). 
Kg Word.~ rd P/mr,sc~.s: Seismology. linear. nonlinear. imbedding. stochastic opera- 
tors, elastic medium. wave propagation. geophysical layers. inverse scattering. retlec- 
tion response. 
The determination of the properties of a medium from waves that have been reflected 01 
transmitted through the medium is the classical inverse problem. A physical model of the 
scattering process is assumed and parameters of the model controlled for agreement be- 
tween calculated response and the observed data. The wave propagation in an elastic 
medium which is stratified presents such an inverse problem, when the medium is probed 
with plane waves at normal incidence. The seismic properties of stratigraphic layers in 
earth are sought after in this fashion. The disturbance in the earth is propagated away 
from the source and reaches the receiving instrument. the seismograph. The source in 
this case may be earthquakes or nuclear explosions. In exploration seismology these could 
be small chemical explosions and mechanical vibrations. The geological layers of strata 
reflect and transmit these disturbances. In teleseismology there will be crustal layers. 
mantle. and core of the earth. 
In exploration seismology. the layers considered will be post-Cambrian sedimentary 
layers in which deposits of petroleum are found [I]. 
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In the continuous case the vvave propagation equation in the elastic medium is gi\.cn 
where pt.\-) is the density. /&\-.‘I.) the displacement. and Et.\-) contains the Lame parameters 
depending on .\-. The independent parameter is transformed into travel time c using 
d.\- 
- = (,(.\-I 
dF. 
(2) 
With suitable changes of the dependent variable. one arrives after taking a transform with 
respect to true t. a Schrodinger-like equation with a potential-like function which is de- 
rivable from the impedance pt.\-)c(.\-) of the medium at each point. The inhomogeneous 
medium is assumed bounded between two media of constant impedance p,,c.,, and 
p,,_ Ic,,_l. The reflected and transmitted amplitudes contribute the data. The impulse 
response from the medium in terms of reflection function can be used to obtain the po- 
tential from the well-known Gelfand-Levitan integral equation. A large amount of liter- 
ature exists for this type of inversion problem for the one dimensional Schrodinger equa- 
tion. eg Faddeyev [3]. Agranovich and Marchenko 141. This method has been exploited 
by various authors for the case of the finite medium (I. Kay [5]. J. Ware and K. Aki 161). 
The corresponding discrete version of the problem of inverse scattering was done by 
Kunetz [7], Claerbout 181. Robinson et al. [9] and Ware and Aki 161. etc. The medium is 
bounded by the homogeneous half-space of impedance pot’,, at the zero-th layer which is 
in contact with /I homogeneous layers of impedances p, cr. pzc2. . . etc. which terminate 
on a homogeneous half space of impedance p,,_ r(‘,,_ , The sequence of II homogeneous 
layers have thicknesses b.~; which are so chosen that the travel time through each layer 
is constant. 
A .I., 
- Af = constant i = 1.2.. . ./I (3) 
I’, 
Such a medium is called a Goupillaud layered medium (P. L. Goupillaud [lo]). The rc- 
sponse of this medium to a normally incident. impulsive plane wave will be an infinite 
sequence of impulses that occur in time at some multiples of Ar. for which discrete time 
series analysis is applicable. The : transforms of the upgoing and downgoing waves. at 
the top of the layer A. at-e U(X, ; ) and Dtx. z). They can be related to Ut/i + I. :) and 
Dtx + I, z) of the next internal layer by 
0 layer _--_-_-__-_-____-____ 
T U(O. ,7) J D(O. ,) 
At I 
interface 
layer 1 
interface 2 
layer 2 
interface 3 
I’~ is the reflection coefficient at the X Ih interface and ti is the transmission coefficient 
at kth interface. The travel time origin is taken to be one travel time 11 above the first 
interface k = 1. The product of the (A- + I) layer transformations can be given by, 
The determinant of the transfer on matrix N is unity. Hence 
~(k. :)F(X. Ii:) - G(X. Ii,) = 1 (7) 
and the polynomials. Ftli, :) and G(/\. z)‘s satisfy the recursion relations. 
rn_,F(li + 1. ~1 = F(X. :) + rl,i ,zG(X. A (8) 
r,+,G(k + I, c:) = rn_,F;‘(X. ;) + zG(A. T.). 
If the downgoing wave at the origin layer is DtO. :) = I then U/(0. z,) = R +(:) is the 
reflection response at the (n + IYh layer D(k + I. z) = 7‘_(z) and U(n + I, ~1 = 0. 
corresponding to no entry for upgoing waves at the bottom. Hence. we have 
(9) 
This implies conservation of energy relation 
I = R. (,7)R_tl/;) + T_t,)T,(I/:). t IO) 
and the reflection response per unit input is: 
R + (;I = R,,: + R,:' 4 R2z3 + . R,,;““. (I I) 
In terms of the coefficients j.,,. /.l . etc. 
Ro = r’o; R, = r,(I - I.,,~): R1 = ,.?(I _ ,.o:)(l _ ,.,z) _ r ,,,., zfI _ r,,2)etc, (19) 
We can solve for I’~. I’?. etc., sequentially as 
I’,, = Ro. 1-1 = -I I R,(I - I.,,-)- I’ 1 = CR2 + r,,r,R,)[I - r.,,‘)(l - ~,‘)]~‘;etc.. (13) 
Thus knowing the sequential response at intervals of time I. 2. 3 . etc. which arc the 
coefficients of lath powers of ~01 = 0. I. 2 . .) in the expression for R _ , we can calculate 
r0, rt, r2. etc. of the layers. 
We want to imagine that the reflection coefficients I.~‘s are random corresponding to 
the stochastic nature of the medium. We also want to go to the limit II + x and see how, 
the average reflection compares with the reflection functions average obtained in the 
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continuous problem. If the ~,,‘s. the reflection coefficients for the successive Ia!crs. arc 
of the Markov type. vv.c can use the idea of imbedding and write down functional equati:~ns 
as used by Bellman. Vasudevan and Soong [ I I]. If one gets the averages and correlations 
in the reflection response for different thicknesses of the medium one can compute the 
parameters of the inhomogeneous media. The$e may be validated bq’ other types of Ed’- 
periments. 
An interesting new approach may be provided by the work of Adomian [ 12. I?] and 
his co-workers on stochastic systems. The successive strata or a single propagation me- 
dium can be considered stochastic systems since density and other properties are random 
functions of position. In the problem of successive layers the output of one stochastic 
system is the input to the next and we have a product of stochastic operators for each 
layer. A considerable amount of work has been done on the analysis of such s!‘stems-- 
whether linear or nonlinear-and the statistics of the time series representing the received 
signal can be precisely determined. Equations such as (1) can nou’ be solved for the 
stochastic case without (id /IOC, methods. averaging methods. etc. by these new methods 
which require no assumption of stationarity. quasi-monochromaticity. white noise pro- 
cesses. “smallness,” or truncations for closure. Ordinary and partial differential equations 
involving nonlinear terms. delayed effects. and stochasticity in coefficient processes, in- 
puts, or initial conditions can be accurately solved by these methods [ 13. 131 in series 
form for first and second-order statistics of the solution process. 
Equations of the form .3/r = ,g where ,g may be a stochastic function of position and 
time and 9 is a nonlinear stochastic ordinary or partial differential operator can be solved 
for mean and correlation of II = 3 ’ ,y by decomposition methods somewhat analogous 
to the determination of ordinary Green‘s functions by decomposition of the forcing term 
into impulses. 
Potentially valuable results may result from application of this new methodology to 
acoustic propagation. 
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